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$N_{2}^{\pm}(X)$ $0<\pm$Disc$(F)<X$ 2 $F$
$N_{2}^{\pm}(X)= \frac{1}{2\zeta(2)}X+O(\sqrt{X})$ (1)
3 $0<\pm$Disc$(F)<X$




$C^{+}=1,$ $C^{-}=3$ $\epsilon$ ( $\epsilon$
)
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$0<$ Disc$(F)<X$ 4 $F$ $\mathbb{Q}$ Galois Galois
4 $\mathfrak{A}_{4}$ $N_{4}(\mathfrak{A}_{4};X)$ ‘ ”
$O(X)$







(3) 3 “ ’
3 $X$
3 $N_{3,prime}^{+}(X)$ $N_{3}^{+}(X)\sim cX$ 3 $\mathbb{Z}$














$V_{\mathbb{Z}} :=Sym^{3}\mathbb{Z}^{2}=\{f(x, y)=ax^{3}+bx^{2}y+cxy^{2}+dy^{3}|a, b, c, d\in \mathbb{Z}\},$
$G_{\mathbb{Z}}:=GL_{2}(\mathbb{Z})$
$G_{\mathbb{Z}}$ $V_{\mathbb{Z}}$




$R$ $\mathbb{Z}$ 3 3 3
$F$ $\mathcal{O}_{F}$ 3 3 $R$ Disc $(R)$
Tr: $Rarrow \mathbb{Z}$ (trace) $\alpha\in R$ $\mathbb{Z}$
$R\ni x\mapsto\alpha x\in R$ Tr $(\alpha)\in \mathbb{Z}$ $R$ $\mathbb{Z}$ $R=\mathbb{Z}\alpha_{1}\oplus \mathbb{Z}\alpha_{2}\oplus \mathbb{Z}\alpha_{3}$
$\mathbb{Z}$ 3 $(Tr(\alpha_{i}\alpha j))$ Disc $(R)\in \mathbb{Z}$
Disc$(F)=$ Disc $(\mathcal{O}_{F})$
$G_{\mathbb{Z}}\backslash V_{\mathbb{Z}}$ 3 Levi
1, Gan-Gross-Savin [15]
4 (Levi, [15]) $G_{\mathbb{Z}}\backslash V_{\mathbb{Z}}$ 3
$f\in$ 3 $R$ $f$
Stab $(f)=\{g\in G_{\mathbb{Z}}|g\cdot f=f\}$ $R$ Aut $(R)$
1 Delone-Faddeev Delone-Faddeev [13]
[13] Levi Levi
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[15] Bhargava[3] $f(x, y)=ax^{3}+bx^{2}y+$

















2 3 Shintani [32]
$V_{\mathbb{Z}}^{*}=\{f(x, y)=ax^{3}+bx^{2}y+cxy^{2}+dy^{3}\in V_{\mathbb{Z}}|b,c\in 3\mathbb{Z}\}$
$G_{\mathbb{Z}}$
$G_{\mathbb{Z}}$ $V_{\mathbb{Z}}$ $Hom(V_{\mathbb{Z}}, \mathbb{Z})$
( ) $f\in V_{\mathbb{Z}}^{*}$ (7) Disc $(f)$ 27
5 (Shintani [32]) Dirichlet
$\xi^{\pm}(s):=\sum_{f\in G_{\mathbb{Z}}\backslash V_{Z}}\frac{|Stab(f)|^{-1}}{|Disc(f)|^{s}},$
$\pm Disc(f)>0$
$\xi^{*\pm}(s):=\pm Disc(f)>0\sum_{f\in c_{Z\backslash V_{Z}^{*}}}\frac{|Stab(f)|^{-1}}{|Disc(f)/27|^{s}}.$





3 5 Euler Thorne[38]
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Stab $(f)$ 3 $\mathfrak{S}_{3}$ $|$Stab $(f)|$ 1, 2, 3, 6
${\rm Re}(s)>1$ $s$
6 (Shintani [32]) (i) 4 Dirichlet $\xi^{\pm}(s),$ $\xi^{*\pm}(s)$
$s=1,5/6$
(ii) 4 Dirichlet $s=1,5/6$
(iii)
$(\begin{array}{ll}\xi^{+}(1- s)\xi^{-}(1- s)\end{array})=\frac{3^{3s-2}}{2\pi^{4s}}\Gamma(s)^{2}\Gamma(s-\frac{1}{6})\Gamma(s+\frac{1}{6})(\begin{array}{ll}sin2\pi s sin\pi s3sin\pi s sin2\pi s\end{array}) (\begin{array}{l}\xi^{*+}(s)\xi^{*-}(s)\end{array}).$
Iwasawa-Tate Poisson
$\sum_{f\in Vz}\Phi(g\cdot f)=|\det g|^{-2}\sum_{f^{*}\in V_{z}^{*}}\hat{\Phi}(g^{\iota}\cdot f^{*}) , \Phi\in S(V_{\mathbb{R}}), g\in G_{\mathbb{R}}$
[32,40]
6 Landau Tauber [21]






$c$ 1 ${\rm Re}(s)=c$
$\xi^{+}(s)$ ${\rm Re}(s)>1$ $c>1$




[21] Sato-Shintani [30, \S 3] Chandrasekharan-Narsimran
[10, \S 4]
3 1
7 $G_{\mathbb{Z}}\backslash V_{\mathbb{Z}}$ 4 3
1 3 ( ) 3
3 7 1 3
3
(1)






$A(q;X)$ $:=$ ($0<n<X$ $q^{2}$ $n$ )
(inclusion-exclusion principle)
$A(X)= \sum_{q}\mu(q)A(q;X)$






$A(X)= \sum_{q\leq Q}\mu(q)A(q;X)+\sum_{q>Q}\mu(q)A(q;X)$ . (11)
$4_{q}$ $\mu(q)=0$ $q$ $q^{2}>X$
$A(q;X)=0$
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1 (9) 2 (10)
$A(X)=X \sum_{q\leq Q}\frac{\mu(q)}{q^{2}}+O(\sum_{q\leq Q}1)+O(X\sum_{q>Q}q^{-2})$
$=X( \sum_{q}\frac{\mu(q)}{q^{2}}+O(\sum_{q>Q}q^{-2}))+O(Q)+O(XQ^{-1})$
$=X \sum_{q}\frac{\mu(q)}{q^{2}}+O(Q+XQ^{-1})$
$Q=XQ^{-1}$ $Q$ $Q=X^{1/2},$ $O(Q+XQ^{-1})=o(x^{1/2})$
$\sum_{q^{-}q}^{\mu}9^{q}=\prod_{p}(1-p\pi 1)=1/\zeta(2)$ $\blacksquare$




$M^{\pm}(X):=\#\{R:3$ $|0<\pm Disc(R)<X, R:$ $\}$
6. 3 3 $F$ $\mathcal{O}_{F}$ 2 $L$ $\mathbb{Z}$ $\mathcal{O}_{L}\cross \mathbb{Z}$ $\mathbb{Z}^{3}$




































5, 10 Dirichlet $|$Stab $(f)|^{-1}$





R. non-maximal at $\forall p|q$
(13) $M^{\pm}(X)$
$M^{\pm}(X)=0< \pm Disc(R)<X\sum_{R:\max ima1}|$
Aut $(R)|^{-1},$
7 $[R’:R]=q$ Disc $(R)=q^{2}$Disc $(R’)$ (7) 4 Disc$(f)$
(square-free sieve) (power-free sieve)
Hooley [17, Chapter 4]
Bhargava $[SJ$
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Aut $(\mathcal{O}_{F})=$ Aut $(F)$ $F$ $\mathbb{Q}$ Galois
3 Galois $o(x^{1/2})$ 1
2 $L$ Aut $(\mathcal{O}_{L}\cross \mathbb{Z})\cong Aut(\mathcal{O}_{L})\cong \mathbb{Z}/2\mathbb{Z}$ (12)
$M^{\pm}(X)=N_{3}^{\pm}(X)+2^{-1}N_{2}^{\pm}(X)+O(\sqrt{X})$ (17)
12 (Davenport-Heilbronn [12]) $V_{\mathbb{Z}}(q)$ $a,$ $b,$ $c,$ $d$ $mod q^{2}$















$E(q;X)$ $\xi_{q}^{\pm}(s)$ 12 $\Psi_{q}$
$\hat{\Psi_{q}}$
$q$





















$(X\cdot m, a);=\#\{F$ $Disc(F)\equiv amod m[F.\mathbb{Q}]=3,$
$0<\pm Disc(F)<X,$
$\}\cdot$
$a$ $\mathbb{Z}/(m)$ $m$ $p$ $a=0$




5 150 (1% ) 7
3500
$p=$ 11,17,23,29 $P\equiv 2$ mod3 $p=13,19,31$
$p\equiv$ lmod3
Shintani [32] 1988 Wright [40]
14 (Wright [40]) Dirichlet $\chi$ $L$ $\xi(s, \chi)$ $\chi$
$s=1,5/6$ $\chi$ 3 $s=5/6$ $\chi$
3
15 ([35]) $\chi$ $\mathbb{F}_{p}^{x}$ Dirichlet
$N_{3}^{\pm}(X; \chi):= \sum_{[F:\mathbb{Q}]=3} \chi(Disc(F))$
$0<\pm Disc(F)<X$
$\chi$ 6 $N_{3}^{\pm}(X;\chi)=O(x^{7/9+\epsilon})$ $\chi$ 6 8
$N_{3}^{\pm}(X, \chi)=K^{\pm(1-p^{-1})\tau(\chi^{2})^{3}} 4L(1/3, \chi^{-2}) X^{5/6}+O(X^{7/9+\epsilon})$ ,
$p^{2} 5\Gamma(2/3)^{3}L(5/3, \chi^{2})$
$\tau(\chi^{2})=\sum_{t\in F_{p}^{x}}\chi^{2}(t)\exp(2\pi it/p)$ Gauss
$p\equiv 2$ mod3 $\mathbb{F}_{p}^{x}$ 6 $p\equiv 1$ mod3 $\mathbb{F}_{p}^{x}$ 6
$N_{3}^{\pm}(X, \chi)$ $X^{5/6}$
$N_{3}^{\pm}(X; \chi)=\sum_{a\in F_{p}^{x}}\chi(a)N_{3}^{\pm}(X;p, a)$
$N_{3}^{\pm}(X;p, a)$
$N_{3}^{\pm}(X,p;a)=C_{p}^{\pm}X+K_{p}^{\pm}(a)X^{5/6}+O(X^{7/9+\epsilon})$ (23)
$p\equiv 2$ mod3 $K_{p}^{\pm}(a)$ $a\in \mathbb{F}_{p}^{x}$ $p\equiv 1$ mod3
$K_{p}^{\pm}(a)$ $a\in \mathbb{F}_{p}^{x}$ 2
8 14 3 6
Disc $(g\cdot f)=(\det g)^{2}$Disc$(f)$ $\det g$







2 $F$ $C1_{3}(F)$ $F$ 3
Davenport-











“Higher composition laws I-IV” [2, 3, 4, 6] [41] 13
135
$\mathbb{Z}$ 4
9. Bhargava [5, 7]
$Sym^{2}\mathbb{Z}^{3}\otimes \mathbb{Z}^{2}, \wedge^{2}\mathbb{Z}^{5}\otimes \mathbb{Z}^{4}$
4 5
$N_{n}(\mathfrak{S}_{n};X)$ $:=\#\{F|[F$ : $\mathbb{Q}]=n$ , Gal $(F^{nc}/F)\cong \mathfrak{S}_{n},$ $|$Disc$(F)|<X\}$
$F^{nc}$ $F$ Galois
[1], [31]
$N_{4}( \mathfrak{S}_{4};X)=\frac{1}{2}(\frac{1}{24}+\frac{1}{4}+\frac{1}{8})\prod_{p}(1+\frac{1}{p^{2}}-\frac{1}{p^{3}}-\frac{1}{p^{4}})X+O(X^{23/24+\epsilon})$ , (24)
$N_{5}( \mathfrak{S}_{5};X)=\frac{1}{2}(\frac{1}{120}+\frac{1}{12}+\frac{1}{8})\prod_{p}(1+\frac{1}{p^{2}}-\frac{1}{p^{4}}-\frac{1}{p^{5}})X+O(X^{399/400+\epsilon})$ , (25)
$p$ (24) $\frac{1}{24}+\frac{1}{4}+\frac{1}{8}$
4
2 4 4 (25) [5,7]
Sato-Shintani [30]
2 3
7 1,15,16 2 3
Shintani [32] [40, 11, 36]
(Ibukiyama-
H.Saito [18], H.Saito [27] $)$ , (Denef-Gyoja [14]), (Kimura-
F.Sato-Zhu [20], Igusa [19] $)$ , ( H.Saito [28], Yukie [42]),
(F. Sato [29]), Weyl Dirichlet (Wen [39])
2 3
1995
17 (Ohno [23], Nakagawa [22]) 5
$\xi_{+}^{*}(s)=\xi_{-}(s) \xi_{-}^{*}(s)=3\xi_{+}(s)$
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